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The Jacobi-Laurent polynomials have been introduced in [3]. With slightly different parame- 
ters and normalized such that they are monk, these Laurent polynomials are given by 
Q&) = (_b’lr;,, z-*F(-2n, --a+l; -c-2n+l; z), 
n 
Q,,+,(?)= (_tk;;; +Iz-n-1F(-2n-1, -a+l; -cc-2n; z), 
n 
n=0,1,2 ,..., 
wherewecantake a, CEC suchthat a, -c+l, a-c6EN. 
In principle we use the notation of the Bateman project [l]. Sometimes F@, b; c; z) is 
written as 
‘lb sequence (Q,,)~'+-, is orthogonal with respect to the moment functional Sz on the algebra 
of the Laurent polynomials, given by 
Q(p) = ‘at,““, n E 2. 
n 
Here the Pochhammer symbol (x), is defined by 
( ) x n= 
IQc+n) 
r(x) ’ 
nEZ, xEC\N. 
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The corresponding ordinary polynomials 
P=(z)= a ’ n I ) 
tea+'l)n 
F( -n, --a+l; -c--n+l; 2) 
satisfy therecunence relation 
P,(z)=(z-A(n))P,_,(z)-B(n)zP,-,(z), n=l,2,..., 
ssumed that P, 1( z) = 0, where 
0 1) . 
n= 1,2,..., 
B(n) (n-l)(c-a+n-1) = (-a+n-1)(-a-j-n) n=2’3’*.. - 
The moments 
c, = ia - aI 
( ) cn 
are the coefficients of the power series developments 
qzF(a, 1; c+l; z) = 2 c,z” at 0 
n=l 
and 
F(-cd, 1; - a + 2; z-l) = - E c_,z-” at 00. 
n=O 
In [3] it was shown that ( Qn)TCo is orthogonal on the unit circle in the complex plane with 
respect to tk weight function 
-1 r(c)r(-a+2) 
W(Z) = z l 
T(C- 
a + 1) - (-z)-‘(1 - z)=-=, 
0 < arg z ( 2*, provided that a, c E R\ E and c > a. Obviously the (Q, satisfy the recurrent 
reIations 
Q~n+,(z) = (1 -A(2n + l)z-')Q2n(z) -B(2n + l)Q,n-,(z)* 
Qz~+z(z) = (z-A(2n +2))Q,n+1iZ) -Bi2n + 2)Q,n(z)v 
(12) . 
n=0,1,2 ,..., (with Q_,(Z) = 0). 
The associated Jacobi-Laurent polynomials Wn( z; b) are the Laurent polynomials of the form 
wzn = r($,-= + . . . +[!2”‘z”, W2n+l = sW;)z-“-l + . . . +s$2”+1)z” 
satisfying the recurrency (1.2) for the Q, with n replaced by n + b, and initial conditions 
W_ I( z; b) = 0 and Wo( z; b) = 1. (See [2].) The corresponding ordinary polynomials 
V&(Z; b) =ZnW&(z; b), &+I(Z; 3) =z”+~&+~(z; b) 
satis@ (1.1) with n replaced by n + b: 
V,(z; b)=(z-A(n+b))K&; b)-B(n+b)zV,_,(z; b), n=l,2,..., 
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with V_,( z; b) = 0 and V,( z; b) = 1, where 
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A(n + b) = - c-‘,“,‘,cnb;bl , n = 1,2,..., 
(n+b-l)(c-a+n+b-1) 
B(n+b)= (-a+n+b-l)(-a+n+b)’ n=293’gg* . 
The (Laurent) polynomials Vln( z; b) and W,(z; b) will also be written as Vn and I#$ 
Assuming that a, b, CEC such that a-b, -c-b+l, -b, -c+a-beEN we have 
A(n + b) # 0, n = 1,2 ,..., and B(n + b) f 0, n = 2, 3, . . . . By the Favard theorem [3, Theorem 
1.11, the sequence ( ~J~zO is orthogonal with respect to a moment functional Qi. In [2] it is 
proved that, if @ is normalized such that @(l) = B(l + b), then the moments c, = O( z-“), 
n E Z, are the coefficients of the power series developments 
zF(a, b+l; c+b+l; z) = m 
F(a, b; c+ b; z) c 
c,z” at 0 
n=l 
(13) . 
and 
c+b F(-c+l, b+l; -a+b+2; z-‘) = 
-h-b+1 F(-c+l, b; -a+b+l; z-l) c 
* c_ Z_n 
en=0 ” 
atoo. .,. (14) 
In [2] it is also shown that 
v,(z; b)= (c+b)n ” (-n-b)k(-a+l)k 
(-a+b+lIn,=O ' k!(-c-n-b+l)k 
b, a,c+n-kkb, -k 1 zk 
c+b, a-k, n-k+b+l I) 
9 
n = 0, 1, 2,. . . . 
The main purpose of the precent paper is to give, under certain extra conditions on the 
parameters a, b, c, a weight function on the unit circle in C for the orthogonal sequence 
(Wn)Z=O* 
2. The weight function 
The sequence ( Wn)rCo is orthogonal with respect to the moment functional @ and the 
moments c, = @(z-“) are generated by the functions e0 and +m: 
+0(z) =
zF(a, b+l; c+b+l; z) = Oc 
F(a, 6; c+ b; z) c 
C”Z” at 0 
r= 1 
and 
We first 
and 
c&(z)= c+b F(-c+ 1, b + 1; -a++++; z-‘) = 
-a-i-b+1 F(-c+l, b; -a+b+l; z-‘) 
give conditions on a, b, c such that 
F(a, b; c+b; z)#O if ]z] ~1 
F(-c+l, b; -a+b+l; z-l)#O if ]z] 21. 
- 
00 
c c z-” -n at 00. 
n=O 
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theremainingpartofthispaperweassumethat a, b, cHR(andthat a-b, -c-b+l, -b, 
2.1. l’f c+b>a>O, c>a and -2<b<2, thers F(a, b; c+b; I) has nozeros in the 
By [l, Vol. 1, p.114(1)] we have 
r(c+ b) 
F(a, b; c+b; t)= r(a)r(c_a+b) I O1ta-l(l-t) 
c-a+C-*(l - zt)-b dt 
(2 1) 
. 
for ~arg(l-z)I+Afc+b>a>O.Sin~eakoc>a,wehaveinaddition 
I’(c + b)I’(c - a) 
F(a, b; C+ b; 1) = r(c_ a + b)r(=) * 0. 
If -2<b<O,thenitfollowsthat 
hence for the imaginary part Im(1 - a)-’ of (1 - zt)-b we have 
Im(1 -zt)-b<O. 
So by 42.1) we have Im F( a, b; c + b; z) < 0 and 
F(a, b; c+b; t)#O. 
IfO<b<2,thenweget 
0 ( a&l- zt)-b < by < b; <Q, 
hence 
Im(1 - a)-” > 0. 
By (2.1) we now have Im F( a, b; c + b; z) > 0 and again 
F(a, b; c+b; z)+O. 
Ifb=O,then F(a, b; c+b; z)=l.So,if -2,<b<2,then F(a, b; c+b; z)#OifO<arg z< 
a. 
If -v < a ( 0, then it follows by complex conjugation that also F( a, b; c + b; z) f 0 if 
-2<b<2. 
iif -l<tfl, then(l-ttj-b >O, hence F(a, b; c+b; z)#O. q 
From Lemma 2.1 it follows that 
F(a, b; c+b; z)+O on ItI ~1 ifc+b>a>O, c>a, -2<b<2 
and 
F(-c+l, b; -a+b+l; z”)#O on lzl >,l 
if-a-!-b+0 -c+l>O, -a+l> -c+l, -2GbG2. 
(2.2) 
(2.3) 
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Combination of (2.2) and (2.3) gives 
F(a, b; c+b; z)#O on lzl<l and 
F(-c+ 1, 6; -a+b+l; z-‘)#O on ItI 21 
ifO<a<c<l, a<c+b, b<2. I2 4 
Remark 2.2. There are more possibilities for a, b, c in order that the F’s in (2.4) are nor&o. 
Inasmuch as F(cw, /A?; y; z) = F( 8, a; y; z), Lemma 2.1 yields other conditions on a, b, c. For 
instance, if 
a<c, O<b, -2<a<l, O<c<3, (2 9 
then also F(a, b; c+b; z)#O on Izl ~1 and F(-c+l, b; -a+b+l; z-‘)#O bn 
I z I >, l.Notice that in this set of ccnditions b is not bounded from above. Another way to obtain 
conditions on a, b, c is to use the results of [4, Chapter XVIII], on the continued fraction of 
Gauss. This approach finally leads to the conditions 
O<a<c<l, a<c+b 
in order that the F’s in (2.4) are nonzero. However, these conditions are more restrictive then the 
conditions in (2.4) and (2.5) together. 
In the sequel we assume that a, b, c satisfy also the conditions in (2.4) or (2.5). In both cases 
we have a < c and by Raabe’s test it follows that 
cc ta)ktb)k k
k?o k!(C+b)kZ 
ad c 
* ta)k@+l)k Zk 
k=(j k!(c + b + l)k 
are absolutely convergent on I z I < 1 and that 
00 
c (-‘+ l)kcb)k Z-k md 
k=O k!(-a+b+l)k c 
O” (-c+ l)ktb+ l)kZ-k 
k_O k!(-a+b+2)k 
are absolutely convergent on I z I 2 1. Since these series are the power series for the numerators 
and the denominators of +. about 0 and ebo about 00, it follows that +0 is continuous on 
I z I < 1 and that @a is m2tinuous on I z I >, 1. Of course h(z) and +J z-l) are analytic on 
lzl < 1. Now let 
C= (e? 0<8<2’~f). 
Then for k E H we have 
/ 
z-~z-~c/D~(z) dz = 
C 
c,z” dz = 
2Tick) ifk>,l, 
0, ifk<O, 
and 
Hence 
and 
- 
/ 
z-kz-lc&m(z) dz = 
C 
- Ll’-‘+&-‘) dS = Llk-’ f 4” dS 
n=O 
0, ifkal, 
= hick, if k<O. 
jZ-kZ-‘(#O(Z)-&,(Z)) dZ=2TiCk, kE& 
C 
(2 6) 0 
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is a weight function on the unit circle C for the associated Jacobi-Laurent polynomials. It turns 
out that w is relatively simple. 
then 
z-w=j-- 1-z ’ wwdt lzl #l. 
2.4. The associated Jacobi-Laurent po&notniaIs are orthogonal on the unit circle in C with 
respect o the weight function 
w(z) 
-1 r(c+b+l)I’(-a-t-b+l) 
=zz- r(c- 
( -z)-c(l - z)c-= 
a+b+l)I’(b+l) * 
F( P;b,lZ)F( --,“:b’;“l Iz-l) ’ 
-T g arg( -z) < n, if a, b, c sati& the conditions in (2.4) or (2.5). 
For use in the proof of this theorem we quote [2, Lemma 2.31. 
Proof of Theorem 2.4. Let f, g, g* be given by 
f(z) = F( ;;;~z), g(z) = F( --,“=b’;“l lz-I), g*(z) = (-z)_“g(z), 
-v<arg(-z) -=n. 
Then by (2.6) 
T(z) Zniw(z) = N(z), 
where 
N(z) =f (z)g(z) 
and 
T(z) =F( ca;;;; Iz)g(z) - _,‘++b4+ 1 f(z)z-‘F( -c;;;zl lz-l)_ (2.7) 
Moreover, f and by [l, Vol. 1, p.105(13)] also g* satisfy the differential equation 
z(l-z)y”+[c+b-(a+b+l)z]y’-aby=O 
with Wronskian 
w(z) = const( -z)-‘-b(l -z)=-+ (2-8) 
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Using Lemma 2.5 we get 
b(c- 
c~b+b)F(;+bb+;lz)=bf(z)-(l-z)f’(z) 
and 
b(c- a + b, z-IF 
-a+b+l = bz-*g(z) - (1 - z)g’(z). 
(2 9) . 
(2.10) 
Substitution of g(z)=(-z)‘g*(z) and g’(z)= -b(-z)b-lg*(z)+(-z)b(g*(z))’ in (2.10) 
yields 
b(c- a + b, z-lF 
-a+b+l = (-z)b(bg*(z) - (1 -z)(g*(z))‘). 
(2.11) 
From (2.7), (2.9) and (2.11) we get 
hence by (2.8) 
T(z) = M( -z)-"(1 - z)‘-~, (2.12) 
where M is a constant depending on a, b, c. In order to calculate the constant M, the F’s in the 
numerator T are developed about 1 and we take lim, +(l - z)-‘+~T( z). We use the notation of 
[l], while c is replaced by c + b. Since in the following a and c are fixed and the involved 
functions of z only depend on b, we write 
u1 = u,(b) = F(a, b; c+ b; z), 
u2 = u,(b) = F(a, b; - c + a + 1; 1 -z), 
ud=ud(b)=(-z)-bF(-c+l, b; -a+b+l; z-l), 
u6 = us(b) = (1 - z)‘-~F(c -a+b, c; c-a+l; l-z). 
From [l, Vol. 1, p.107(33), (40)] we get 
I’(c+b)r(c-a) 
‘I= r(c -a + b)r(c) u2 + 
I’(c+b)r(-c+a) 
r(a)r(b) 
u69 (2.13) 
U4 
= _eidr(C -a)r(-a+b+l) _ei~tC_a+bIr(-c+a).1~(-a+b+1)u6 
I’(-a+l)r(c-a+b)U2 r(-c+l)r(b) l 
(2.14) 
Hence 
T(z) = u,(b + l)( -z)bu4(b) + _aclbb+ 1 uI(b)(-Z)bu4(t’ + ‘)v 
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and by (2.13) and (2.14) we have 
(-zpT(z) 
[ 
r(c+b+l)r(c-a) 
= r(c-a+b+l)r(c)“2@+1)+ 
r(c+b+lmc+a)M (b+l) 
r(a)r(b + 1) 6 1 
X 
[ 
i,,~(C-U)r(-U+b+l) 
-e q-a+l)T(c-a+b) U,(b) 
_ &(c-a+b) U -c+a)T(-a+b+l) 
q-c i- l)r(b) Q(b) I 
+ -az+1 [ 
r(c+b)r(c-a) 
r(C-*+b)r(#2@)+ 
T(c+b)r(-c+a) 
~(aW@) 
&5(b) 
x . i 
I 
r(C- a)r(-a+b+2) 
L -ern(b+l)r( -a+l)r(c-a+b+l) 
&+1) 
_ei7r(c-a+b+l) r(-c+a)r(-a+b+2) 
r( -c+ l)T(b+ 1) %@ + 1) 1 
= [ _,ir(e_a+a)r(C+b+l)r(C-a)T(-C+U)r(-a+b+l) qc-a+b+l)r(C)r(-c+l)r(b) 
+ $zb r(c + b + l?r( c-a)r(-c+a)Q-a+b+l) 
r(c-a+b+l)r(a)I-‘(-a+l)Qb) 1 u2@ + %m 
+ 
I 
-e 
i,,r(c+b+l)r(c- aW(-c+a)r(-a+b+l) 
T(c-a+b)r(a)r(-a+lpyb+l) 
+ei~(~-~+~)r(C+b+l)~(C-a)~(-C+a)~(-U+b+l) 
QC- a+b)r(c)r(-c+l)r(b+l) 
I 
xU2(%i@+l) 
=e 
i&r(C+b+l)T(C-U)T(-C+a)T(-U+b+l) 
r(c-a+b)r(b) 
x 
_ein(c-n) 1 
r(c)r(-c+ij + r(a)r(-a+lj I 
u,(b + l)%(b) 
c-a+b 
+ 
ein(c-a) 
rc.,r& + 1) + r(cjr(-c + ij 1 ~2w4& + 1) b 
=K 
where 
~_~+~U2(b+l)Ug(b)-~112(b)U6(b+l)], 
,=ei,T(c+b+l)i$-a)r(-c+a)~(-a+bi-l) 
r(c- u + bjr( bj 
ein(c-a) 
r(ajr[-a+l) - r(c)r(-c+l) 
I 
- 
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Hence 
and 
c-a+b+l, c 1_z 
c-a+1 I )I 
lim(l-2) -C+uT(~)=Ke-iq~ 
r-1 
=K e-ilrb --c+a 
b(c- ai-b)’ 
(2.15) 
Finally we give a more simple expression for K. From 
qX)r(l -x) = && 
we get 
1 eia(c-a) Sill va 
r( a)r(l - a) 
Sin TC ia(c_n) 
- qc)ql -c) = 71- -e 7r 
1 
[ 
ha 
=ze -e 
-ha _ (eim _ e-im) ein(c-a)] 
- 2’,i cine[ei?r(a-c) _ eir(c-o)] 
=e 
i*e Sill ?r( a - C) 
T 
ilrc 
= T(o-c)F(c-afl)’ 
and it follows that 
ehtc+‘) r(c + b + l)f( -a + b + 1) 
IK= c-_a I’(c-a+b)I’(b) * 
Hence by (2.15) we have 
b (1 - z)-C+uT( z) = - eiTc r~[c~_ba++l~~ l)&bb++l;) . 
z-+1 
From (2.12) we also get 
lim(l-z) 
z-r1 
-E+aT(z)= z~M(-z)-c=Mei". 
(2.16) 
(2.17) 
Now (2.16) and (2.17) yield 
MS- 
F(c+b+l)I’(-a+b+l) 
qc- a+b+l)r(b+l) ’ 
(2.18) 
Combination of (2.12) and (2.18) gives 
-1 r(c+b+l)I+z+b+l), 
w(4=2;1?;. qc 
(-zj-=(l - z)c-u 
-tz+b+l)r(b+l) 
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26, If b=O, then 
h(z) = zF( a, 1; c + 1; 2) (F(a- 1,l; c; z) - 1) 
and 
4+5(z) = _ac+lF(-E+l,l; -a++; 
and the weight f’unction becomes 
w(z)= c 
-1 r(c)r(--a+2) 
-u+1’2ni’ qc-a+l) 
z-l), 
- (-z)_‘(l -Z)Y 
This is essaltiaIly 
RhWBMX!S 
the result in 13, Theorem 3.11. 
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